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In a manuscript of Ramanujan, published with his Lost Notebook [21, pp. 236
237], there are forty identities involving the RogersRamanujan functions. According
to G. N. Watson, the beauty of these identities are comparable to that of the Rogers
Ramanujan identities. In the paper, we establish modular relations involving the
Go llnitzGordon functions which are analogous to Ramanujan’s forty identities.
Furthermore, we extract interesting partition results from some of the modular
relations.  1998 Academic Press
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1. INTRODUCTION
Throughout the paper, we let |q|<1 and, for positive integers n, we
employ the standard notation
(a; q)n := ‘
n&1
j=0
(1&aq j) and (a; q) := ‘

n=0
(1&aqn).
The well-known RogersRamanujan identities are
G(q) := :

n=0
qn2
(q; q)n
=
1
(q; q5) (q4; q5)
(1.1)
and
H(q) := :

n=0
qn2+n
(q; q)n
=
1
(q2; q5) (q3; q5)
. (1.2)
G(q) and H(q) are known as the RogersRamanujan functions.
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In records of meetings of London Mathematical Society [19], Ramanujan
stated that ‘‘I have now found an algebraic relation between G(x) and
H(x), viz.,
H(x)[G(x)]11&x2G(x)[H(x)]11=1+11x[G(x) H(x)]6. (1.3)
Another noteworthy formula is
H(x) G(x11)&x2G(x) H(x11)=1. (1.4)
Each of these formulae is the simplest of a large class.’’
The first published proof of (1.3) is due to H. B. C. Darling [11]. About
the same time, L. J. Rogers [22] stated and proved ten identities (Watson
[23] miscounted them as nine) including (1.3) and (1.4) from this ‘‘large
class.’’ In his paper, Rogers remarked that ‘‘these (identities) were com-
municated privately to me in February 1919, but, as I understand that
Ramanujan has left no proof, I suggest the proof given in the section.’’
The large class indicated by Ramanujan remained mysterious until
G. N. Watson found a set of about forty identities in a manuscript of
Ramanujan. These formulae all involve the RogersRamanujan functions
G(q) and H(q) and, without doubt, constitute the large class referred to by
Ramanujan. Watson [23] later published a paper devoted to proving eight
identities (from the large class) among which two had been previously
proven by Rogers. However, Watson did not reveal the complete large
class in the paper except to indicate that ‘‘the beauty of these formulae
seems to me to be comparable to that of the RogersRamanujan
identities.’’ The complete list was not available until 1975 when B. J. Birch
[7] included all these formulae in his paper, ‘‘A look back at Ramanujan’s
notebooks’’, and numbered them as forty identities. At that time, sixteen
out of the forty had been proved. In 1977, in his thesis, D. Bressoud [8]
established fifteen additional identities by combining and extending the
methods of Rogers and Watson. Bressoud’s thesis was summarized and
published as [9]. These forty identities were not completely established
until more than a decade later when A. Biagioli [6] proved the remaining
nine identities by using modular forms.
Some of the forty identities, along with the RogersRamanujan iden-
tities, occur naturally in the hard hexagon model of statistical mechanics
and enable us to obtain critical properties of the model. For details, we
refer the reader to [4].
Two identities analogous to the RogersRamanujan identities are the so-
called Go llnitzGordon identities [14, 15] which are expressed by the equations
S(q) := :

n=0
(&q; q2)n
(q2; q2)n
qn2=
1
(q; q8) (q4; q8) (q7; q8)
(1.5)
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and
T(q) := :

n=0
(&q; q2)n
(q2; q2)n
qn2+2n=
1
(q3; q8) (q4; q8) (q5; q8)
. (1.6)
S(q) and T(q) are known as the Go llnitzGordon functions.
In addition to their similar appearance, the RogersRamanujan and
the Go llnitzGordon functions share some remarkable properties. For
example, the quotient of G(q) and H(q) gives the celebrated Rogers
Ramanujan continued fraction, while the quotient of S(q) and T(q) gives
the RamanujanGo llnitzGordon continued fraction [20, Vol. 2, p. 229]
[14, 15] which will be defined in Section 3. Moreover, (1.1), (1.2), (1.5)
and (1.6) all have elegant partition interpretations. For details, see [3,
Chapter 7]. Recently, Chan and the author [10] succeeded in obtaining
modular relations involving the RamanujanGo llnitzGordon continued
fraction. This joint work was originally motivated by the modular relations
for the RogersRamanujan continued fraction which were given by
Ramanujan [21, p. 365]. Based on the similarities mentioned above, it
would be natural to attempt to obtain analogues of Ramanujan’s forty
identities, i.e., to obtain modular relations involving S(q) and T(q). The
main purpose of this paper is to establish identities of this kind. Proofs of
these identities rely heavily on results of Rogers [22] and Bressoud [8].
The identities that we found are rich with applications to partitions. In
the final section, some interesting results of partitions are mentioned. In
particular, we recover a result of G. Andrews [1] which is stated as
Theorem 9.3 in this paper. Furthermore, by introducing the notion of
colored partitions, we are able to extract further partition interpretations
from these modular relations.
2. MODULAR RELATIONS FOR S(q) AND T(q)
Ramanujan’s general theta function is defined as
f (a, b)= :

n=&
an(n+1)2bn(n&1)2, |ab|<1.
For convenience, denote f (&q, &q2) by f (&q) and f (&qn) by fn for
positive integers n. We first state two useful results about f (a, b).
Lemma 2.1 (Jacobi’s Triple Product Identity).
f (a, b)=(&a; ab) (&b; ab) (ab; ab) .
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Proof. See [5, p. 35]. K
Lemma 2.2. f (&q)=(q; q) and so fn=(qn; qn) .
Proof. This is a statement of Euler’s pentagonal number theorem. For
details, see [5, p. 36].
Note that, if we write q=e2?i{ with Im({)>0, then f (&q) is essentially
the classical Dedekind eta-function ’({). To be more precise, we have
f (&q)=e&?i{12’({) and fn=e&?i{n12’(n{).
In the following, we give a list of modular relations for the Go llnitz
Gordon functions. The identities (2.1)(2.12), except (2.2), involve S(q)
and T(q) in the combinations of
S(qu) S(qv)+q(u+v)2T(qu) T(qv),
or
S(qu) T(qv)&q (u&v)2S(qv) T(qu),
where u and v are positive integers with the same parity. The identities
(2.13)(2.16), (2.26), and (2.27) deal with products or quotients of these
two combinations. The identities (2.17)(2.25) are relations combining S(q)
and T(q) with the RogersRamanujan functions. Finally, in addition to the
forty identities, (2.28) offers a new modular relation for the Rogers
Ramanujan functions.
S(q) S(q)+qT(q) T(q)={f2 f2f1 f4=
3
(2.1)
S(q) S(q)&qT(q) T(q)=
f4 f4
f1 f2 {
f4
f8=
2
(2.2)
S(q7) T(q)&q3S(q) T(q7)=1 (2.3)
S(q3) S(q)+q2T(q3) T(q)=
f3 f4
f1 f12
(2.4)
S(q3) T(q)&qS(q) T(q3)=
f1 f12
f3 f4
(2.5)
S(q5) S(q)+q3T(q5) T(q)=
f2 f10
f1 f20
(2.6)
S(q5) T(q)&q2S(q) T(q5)=
f2 f10
f4 f5
(2.7)
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S(q4) T(q2)&qS(q2) T(q4)=
f1 f32
f2 f16
(2.8)
S(q9) T(q)&q4S(q) T(q9)=
f6 f6
f3 f12
(2.9)
S(q9) S(q)+q5T(q9) T(q)=
f2 f3 f12 f18
f1 f4 f9 f36
(2.10)
S(q15) S(q)+q8T(q15) T(q)=
f2 f3 f5 f12 f20 f30
f1 f4 f6 f10 f15 f60
(2.11)
S(q5) T(q3)&qS(q3) T(q5)=
f1 f4 f6 f10 f15 f60
f2 f3 f5 f12 f20 f30
(2.12)
S(q5) S(q3)+q4T(q5) T(q3)
S(q15) T(q)&q7S(q) T(q15)
=1 (2.13)
S(q39) S(q)+q20T(q39) T(q)
S(q13) T(q3)&q5S(q3) T(q13)
=
f2 f3 f12 f13 f52 f78
f1 f4 f6 f26 f39 f156
(2.14)
S(q55) S(q)+q28T(q55) T(q)
S(q11) T(q5)&q3S(q5) T(q11)
=
f2 f5 f11 f20 f44 f110
f1 f4 f10 f22 f55 f220
(2.15)
S(q63) T(q)&q31S(q) T(q63)
S(q9) T(q7)&qS(q7) T(q9)
=
f2 f7 f9 f28 f36 f126
f1 f4 f14 f18 f63 f252
(2.16)
G(q4) G(q)+qH(q4) H(q)
S(q) S(q)+qT(q) T(q)
=
f1 f4
f2 f2
(2.17)
G(q36) H(q)&q7G(q) H(q36)
S(q9) T(q)&q4S(q) T(q9)
=
f4 f9
f2 f18
(2.18)
G(q64) G(q)+q13H(q64) H(q)
S(q8) T(q2)&q3S(q2) T(q8)
=
f2 f8 f8 f32
f1 f4 f16 f64
(2.19)
G(q84) G(q)+q17H(q84) H(q)
S(q7) T(q3)&q2S(q3) T(q7)
=
f3 f7 f12 f28
f1 f6 f14 f84
(2.20)
G(q28) H(q3)&q5G(q3) H(q28)
S(q21) S(q)+q11T(q21) T(q)
=
f1 f4 f21 f84
f2 f3 f28 f42
(2.21)
G(q21) G(q4)+q5H(q21) H(q4)
S(q7) S(q3)+q5T(q7) T(q3)
=
f3 f7 f12 f28
f4 f6 f14 f21
(2.22)
G(q12) H(q7)&qG(q7) H(q12)
S(q21) T(q)&q10S(q) T(q21)
=
f1 f4 f21 f84
f2 f7 f12 f42
(2.23)
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G(q96) H(q)&q19G(q) H(q96)
S(q6) T(q4)&qS(q4) T(q6)
=
f4 f6 f16 f24
f1 f8 f12 f96
(2.24)
G(q32) G(q3)+q7H(q32) H(q3)
S(q12) S(q2)+q7T(q12) T(q2)
=
f2 f8 f12 f48
f3 f4 f24 f32
(2.25)
[S(q7) S(q3)+q5T(q7) T(q3)][S(q7) T(q3)&q2S(q3) T(q7)]
=
1
2q {
f2 f2 f2 f14 f14 f14 f21
f1 f4 f7 f7 f12 f28 f28
&
f1 f6 f6 f6 f42 f42 f42
f3 f3 f12 f12 f21 f28 f84= (2.26)
[S(q21) S(q)+q11T(q21) T(q)][S(q21) T(q)&q10S(q) T(q21)]
=
1
2q {
f2 f2 f2 f3 f14 f14 f14
f1 f1 f4 f4 f7 f28 f84
&
f6 f6 f6 f7 f42 f42 f42
f3 f4 f12 f21 f21 f84 f84 = (2.27)
[G(q21) G(q4)+q5H(q21) H(q4)][G(q84) G(q)+q17H(q84) H(q)]
=
1
2q {
f2 f2 f2 f3 f3 f12 f14
f1 f1 f4 f4 f6 f6 f84
&
f6 f7 f7 f28 f42 f42 f42
f4 f14 f14 f21 f21 f84 f84= (2.28)
To show that (2.1)(2.28) are indeed analogues to Ramanujan’s iden-
tities we give a sampling of the forty identities. Here, we adopt Birch’s
numbering [7] for these forty identities. Furthermore, the right sides of the
identities have been rewritten in term of fn instead of /(q), where /(q) :=
(&q; q2) , by using the fact that /(q)= f 22 ( f1 f4) and /(&q)= f1  f2 . We
emphasize that most of Ramanujan’s forty identities involve G(q) and H(q)
in the combinations of
G(qu) G(qv)+q(u+v)5H(qu) H(qv), when 5 | (u+v),
G(qu) H(qv)&q(u&v)5G(qv) H(qu), when 5 | (u&v),
or products, or quotients of the two combinations.
G(q4) G(q)+qH(q4) H(q)={f2 f2f1 f4=
2
(R.2)
G(q4) G(q)&qH(q4) H(q)=
f10
f2 {
f10 f10
f5 f20 =
2
(R.3)
G(q11) H(q)&q2G(q) H(q11)=1 (R.4)
G(q16) H(q)&q3G(q) H(q16)=
f4 f4
f2 f8
(R.5)
G(q36) H(q)&q7G(q) H(q36)=
f4 f6 f6 f9
f2 f3 f12 f18
(R.14)
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G(q14) G(q6)+q4H(q14) H(q6)
=G(q42) H(q2)&q8G(q2) H(q42) (R.15)
=
1
2q {
f2 f2 f3 f14 f14 f21
f1 f4 f6 f7 f28 f42
&
f1 f6 f6 f7 f42 f42
f2 f3 f12 f14 f21 f84= (R.16)
[G(q23) G(q2)+q5H(q23) H(q2)][G(q46) H(q)&q9G(q) H(q46)]
=
f1 f23
f2 f46
+q+2q2
f2 f46
f1 f23
(R.34)
G(q54) G(q)+q11H(q54) H(q)
G(q27) H(q2)&q5G(q2) H(q27)
=
f2 f3 f18 f27
f1 f6 f9 f54
(R.38)
Following Rogers [22], we define
P(q) :=q124(q; q) and Pn :=P(qn).
Hence P(q)=’({), if q=e2?i{ with Im({)>0. Also, define
gn :=q&n60G(qn) and hn :=q11n60H(qn).
By using gn , hn , and Pn , Rogers [22], Bressoud [8], and Biagioli [6]
represent Ramanujan’s forty identities in the forms that suggest these iden-
tities tie together with modular forms. For example, after being rewritten,
(R.14) takes the form
g36 h1& g1h36=
P4P6P6P9
P2P3P12P18
. (2.29)
Similarly, by defining
sn :=q&n16S(qn) and tn :=q7n16T(qn),
we can rewrite (2.1)(2.28) in forms which are in the flavor of (2.29). For
example, (2.10) and (2.18) take the forms
s9s1+t9 t1=
P2P3 P12P18
P1P4 P9P36
(2.30)
and
g36h1& g1h36
s9t1&s1 t9
=
P4P9
P2P18
, (2.31)
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respectively. Although (2.30) and (2.31) take simpler forms than (2.10) and
(2.18), we prefer to present them in the way which is closer to Ramanujan’s
style.
In the next section, we prove (2.1) and (2.2) by using some identities
related to the RamanujanGo llnitzGordon continued fraction.
3. PROOFS OF (2.1) AND (2.2)
The RamanujanGo llnitzGordon continued fraction is defined as
K(q)=
q12
1+q+
q2
1+q3+
q4
1+q5+
q6
1+q7+ } } }
.
On page 229 of his second notebook [20], Ramanujan recorded the
three identities,
K(q)=q12
(q; q8) (q7; q8)
(q3; q8) (q5; q8)
, (3.1)
1
K(q)
&K(q)=
.(q2)
q12(q4)
, (3.2)
1
K(q)
+K(q)=
.(q)
q12(q4)
, (3.3)
where
.(q) := :

k=&
qk2 and (q) := :

k=0
qk(k+1)2.
The identity (3.1) was rediscovered and proved independently by Go llnitz
[14] and Gordon [15]. The identities (3.2) and (3.3) were first proved by
Berndt [5, p. 221] and then rediscovered by Chan and the author [10]
while trying to find modular relations between K(q) and K(qn) for positive
integers n. By assuming these identities, we are in a situation to prove (2.1)
and (2.2).
Lemma 3.1.
S(q) T(q)=
f2 f 28
f1 f 24
, .(q)=
f 52
f 21 f
2
4
, and (q)=
f 22
f1
.
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Proof. By (1.5) and (1.6),
S(q) T(q)=
1
(q; q8) (q3; q8) (q5; q8) (q7; q8)
}
1
(q4; q8)2
=
1
(q; q2)
} {(q
8; q8)
(q4; q4)=
2
=
f2
f1
} {f8f4=
2
=
f2 f 28
f1 f 24
.
Observe that .(q)= f (q, q) by definition. Hence, by Lemma 2.1,
.(q)=(&q; q2)2 (q
2; q2)=(/(q))2 (q2; q2)
={ f
2
2
f1 f4 =
2
f2
=
f 52
f 21 f
2
4
.
Similarly, (q)= f (q, q3), and hence, by Lemma 2.1,
(q)=(&q; q4) (&q3; q4) (q4; q4)
=(&q; q2) (q4; q4)=/(q) f4
=
f 22
f1
.
Proof of (2.1) and (2.2). By (1.5), (1.6), and (3.1), we have
K(q)=q12
T(q)
S(q)
. (3.4)
Hence, by (3.4) and Lemma 3.1, we can rewrite (3.3) as
S(q)
q12T(q)
+
q12T(q)
S(q)
=
1
q12
f 52
f 21 f4 f
2
8
.
Multiplying both sides by q12S(q) T(q) and applying Lemma 3.1 to
S(q) T(q), we have
S(q) S(q)+qT(q) T(q)=
f 52
f 21 f4 f
2
8
}
f2 f 28
f1 f 24
=
f 62
f 31 f
3
4
.
This proves (2.1). For the proof of (2.2), use (3.2) and proceed in a similar
way. K
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In order to prove other identities, we require results of Rogers and
Bressoud which we record in the next section.
4. PRELIMINARY RESULTS
We will essentially adopt Bressoud’s notation, except that we use fn
instead of Pn , and the variable q instead of x which stands for q2 in [8].
Throughout the sequel, the letters :, ;, m, n, p always denote positive
integers, and m must be odd. Following Bressoud [8], we define the three
functions of q,
G ( p, n): (q)=[q
(12n2&12n+3& p)(12p) :]
_
(q( p+1&2n) :; q2p:) (q( p&1+2n) :; q2p:) (q2p:; q2p:)
(q2:; q2:)
G

( p, n)
: (q)=[q
(12n2&12n+3& p( p&12))(12p) :]
_
(q( p+1&2n) :; q2p:) (q( p&1+2n) :; q2p:)
(q:; q2:)
,
and
8:, ;, m, p(q)= :
p
n=1
:

r, s=&
(&1)r+s q p:(r+(m(2n&1)2p))2+ p;(s+((2n&1)2p))2.
Observe that 8:, ;, m, p is well-defined for negative integers m since
8:, ;, &m, p=8:, ;, m, p . We emphasize that, in Bressoud’s notation [8],
G( p, n): (q) and G

( p, n)
: (q) stand for g
( p, n)
: (q
2) and g

( p, n)
: (q
2), respectively. In
the sequel, we will very often denote these functions without the argument
q when no confusion occurs.
The two propositions below show that G ( p, n): and G

( p, n)
: indeed
generalize the RogersRamanujan and the Go llnitzGordon functions,
respectively.
Proposition 4.1 ([8], (2.12) and (2.13)).
G(5, 1): =q
&:30G(q2:) and G (5, 2): =q
11:30H(q2:).
Proposition 4.2.
G

(4, 1)
: =q
&11:48 f4:
f8:
S(q:) and G

(4, 2)
: =q
13:48 f4:
f8:
T(q:).
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Proof. By the definition of G

( p, n)
: ,
G

(4, 1)
: =q
&11:48 (q
3:; q8:) (q5:; q8:)
(q:; q2:)
.
Hence,
G

(4.1)
: =q
&11:48 1
(q:; q8:) (q7:; q8:)
=q&11:48(q4:; q8:) S(q:)
=q&11:48
(q4:; q4:)
(q8:; q8:)
S(q:)
=q&11:48
f4:
f8:
S(q:),
which is the first desired identity. The other identity can be derived in a
similar way. K
Proposition 4.3 ([8], Proposition 5.8).
G

( p, n)
: =&G

( p, n& p)
: .
Theorem 4.4 ([8], Proposition 5.4). For odd p>1,
8:, ;, m, p=2q (:+;)12 { :
( p&1)2
n=1
G ( p, n); G
( p, mn&((m&1)2))
: = f2: f2; .
Corollary 4.5 ([8], Corollary 5.6).
8:, ;, 1, 3=2q (:+;)12f2: f2; .
Theorem 4.6 ([8], Proposition 5.10). For even p,
8:, ;, m, p=2q (2p&1)(:+;)24 { :
p2
n=1
G

( p, n)
; G

( p, mn&((m&1)2))
: =
f2p: f2p; f: f;
f2: f2;
.
Corollary 4.7 ([8], Corollary 5.11).
8:, ;, 1, 2=2q(:+;)8
f4: f4; f: f;
f2: f2;
.
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The following theorems, combined with Theorems 4.4 and 4.6, create a
powerful and systematic method of establishing modular relations for the
RogersRamanujan and the Go llnitzGordon functions. Theorems 4.8 and
4.9 are essentially due to Rogers [22] and then were formulated (and
generalized) by Bressoud [8].
Theorem 4.8 ([8], Corollary 7.2). Let :, ;, m, p, * be positive integers
with m odd. If :m2+;=*p, then
8:, ;, m, p= :

r, s=&
(&1)s q*(r+(12)+((:ms)*))2+(:;*) s2.
Theorem 4.9 ([8], Corollary 7.3). Let :i , ;i , mi , pi , where i=1, 2, be
positive integers with m1 , m2 odd. If *1 :=(:1 m21+;1)p1 and *2 :=
(:2m22+;2)p2 are integers and the conditions
*1=*2 , (4.1)
:1;2=:2;2 , (4.2)
:1m1 #:2m2 or &:2m2 (mod *1) (4.3)
hold, then
8:1 , ;1 , m1 , p1=8:2 , ;2 , m2 , p2 .
Theorem 4.10 ([8], Proposition 9.1). Let :i , ;i , mi , pi , and *i , where
i=1, 2, 3, or 4, be positive integers with mi odd. If *i=(:im2i +;i)pi , and
the conditions
*2=*1&2:1 m1+:1 p1 , :2 m2=\(*1&:1 m1), :2 p2=*1 , (4.4)
*3=
:1 p1
2
, :3 m3=:1 m1 , :3 p3=2*1 , (4.5)
*4=2*1&2:1 m1+
:1 p1
2
, :4 m4=\\:1 m1&:1 p12 + , :4 p4=
:1 p1
2
, (4.6)
hold, then
8:1 , ;1 , m1 , p1 } 8:2 , ;2 , m2 , p2=8:3 , ;3 , m3 , p3 } 8:4 , ;4 , m4 , p4 .
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5. PROOFS OF (2.3)(2.5)
Lemma 5.1.
8:, ;, 1, 4=2 q (:+;)16[S(q;) S(q:)+q(:+;)2T(q;) T(q:)]
f4: f4; f: f;
f2: f2;
, (5.1)
8:, ;, 3, 4=2 q (9:+;)16[S(q;) T(q:)&q(;&:)2S(q:) T(q;)]
f4: f4; f: f;
f2: f2;
. (5.2)
Proof. Applying Theorem 4.6 with m=1 and p=4, we have
8:, ;, 1, 4=2 q7(:+;)24[G

(4, 1)
; G

(4, 1)
: +G

(4, 2)
; G

(4, 2)
: ]
f8: f8; f: f;
f2: f2;
.
By Proposition 4.2, we then have
8:, ;, 1, 4=2q7(:+;)24[q&11(:+;)48S(q;) S(q:)+q13(:+;)48T(q;) T(q:)]
_
f4: f4;
f8: f8;
}
f8: f8; f: f;
f2: f2;
,
which reduces to (5.1) after simplification. (5.2) can be proved in a similar
way by applying Proposition 4.3, in addition to Theorem 4.6 (with m=3
and p=4) and Proposition 4.2. K
Let N0 denote the set of nonnegative integers.
Proposition 5.2. For u # N0 ,
81, 8u+7, 2u+3, u+4=81, 8u+7, 2u+1, u+2 .
Proof. Set
:1=1, ;1=8u+7, p1=2u+3, m1=u+4,
:2=1, ;2=8u+7, p2=2u+1, m2=u+2.
Then it is easy to verify that (4.1)(4.3) are satisfied with *1=*2=4u+4.
Hence, by applying Theorem 4.9, we prove the desired result. K
Corollary 5.3. The identity (2.3) holds.
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Proof. Putting u=0 in Proposition 5.2, we have
81, 7, 3, 4=81, 7, 1, 2 .
By (5.2) and Corollary 4.7,
2q[S(q7) T(q)&q3S(q) T(q7)]
f4 f28 f1 f7
f2 f14
=2q
f4 f28 f1 f7
f2 f14
,
i.e.,
S(q7) T(q)&q3S(q) T(q7)=1,
which is (2.3). K
Proposition 5.4. For p>1,
81, p&1, 1, p=q14f (1, q2) f (&q p&1, &q p&1).
Proof. Applying Theorem 4.8 with :=m=*=1 and ;= p&1, we have
81, p&1, 1, p = :

r, s=&
(&1)s q(r+(12)+s)2+( p&1) s2
={ :

r=&
q(r+(12))2={ :

s=&
(&1)s q( p&s) s2= , (5.3)
where the last equality follows from changing the parameter r to r&s. On
the other hand, by the definition of f (a, b),
:

r=&
q(r+(12))2=q14 :

r=&
qr2+r=q14f (1, q2) (5.4)
and
:

s=&
(&1)s q( p&1) s2= f (&q p&1, &q p&1). (5.5)
Now, the desired result follows by combining (5.3)(5.5). K
Corollary 5.5. The identity (2.4) holds.
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Proof. Applying Proposition 5.4 with p=4 and Lemma 2.1, we have
81, 3, 1, 4 =q14f (1, q2) f (&q3, &q3)
=q14(&1; q2) (&q2; q2) (q2; q2) (q3; q6)2 (q
6; q6)
=2q14(&q2; q2)2 (q
2; q2) (q3; q6)2 (q
6; q6)
=2q14 {(q
4; q4)
(q2; q2)=
2
(q2; q2) {(q
3; q3)
(q6; q6)=
2
(q6; q6)
=2q14 { f4f2=
2
} f2 } { f3f6=
2
} f6
=2q14
f 23 f
2
4
f2 f6
. (5.6)
On the other hand, by (5.1),
81, 3, 1, 4=2q14[S(q3) S(q)+q2T(q3) T(q)]
f4 f12 f1 f3
f2 f6
. (5.7)
Finally, (5.6) and (5.7) imply that
S(q3) Q(q)+q2T(q3) T(q)=
f3 f4
f1 f12
,
which is (2.4). K
Proposition 5.6. The identity (2.5) holds.
Proof. Applying Theorem 4.8 with :=1, ;=m=*=3, and p=4, we
have
81, 3, 3, 4= :

r, s=&
(&1)s q3(r+(12)+s)2+s2,
which takes the form
81, 3, 3, 4={ :

r=&
q3(r+(12))2={ :

s=&
(&1)s qs2= ,
after changing the parameter r to r&s. Furthermore, by the definition of
f (a, b) and Lemma 2.1, we can rewrite the last identity as
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81, 3, 3, 4 =q34f (1, q6) f (&q, &q)
=2q34(&q6; q6)2 (q
6; q6) { (q; q)(q2; q2) =
2
(q2; q2)
=2q34 { f12f6 =
2
} f6 } { f1f2 =
2
} f2
=2q34
f 21 f
2
12
f2 f6
. (5.8)
On the other hand, by (5.2),
81, 3, 3, 4=2q34[S(q3) T(q)&qS(q) T(q3)]
f4 f12 f1 f3
f2 f6
. (5.9)
Finally, (5.8) and (5.9) imply
S(q3) T(q)&qS(q) T(q3)=
f1 f12
f3 f4
,
which is (2.5). K
6. PROOFS OF (2.6)(2.16), EXCEPT (2.9) AND (2.13)
The proofs in this section will resemble very much that of (2.3). There-
fore, we only demonstrate the proofs of (2.6) and (2.14) and leave the
others to the reader.
Proposition 6.1. For u # N0 and u even,
82, 6u+10, u+1, 2u+4=84, 3u+5, 1, 3 . (6.1)
Furthermore, (2.6) holds.
Proof. Let
:1=2, ;1=6u+10, m1=u+1, p1=2u+4,
:2=4, ;2=3u+5, m2=1, p2=3.
Then (4.1)(4.3) are satisfied with *1=*2=u+3. Hence, by Theorem 4.9,
(6.1) holds. In particular, by choosing u=0, we have
82, 10, 1, 4=84, 5, 1, 3 . (6.2)
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On the other hand, by using (5.1) and Corollary 4.5, we have
82, 10, 1, 4=2q34[S(q10) S(q2)+q6T(q10) T(q2)]
f8 f40 f2 f10
f4 f20
(6.3)
and
84, 5, 1, 3=2q34f8 f10 . (6.4)
Finally, (2.6) follows from (6.2)(6.4), after replacing q2 by q. K
Proposition 6.2. For u # N0 and u even,
82, 3u+10, u+3, u+4=81, 6u+20, 1, 3 . (6.5)
Furthermore, (2.7) holds.
Proof. The identity (6.5) follows from Theorem 4.9 with *1=*2=
2u+7. Furthermore, by putting u=0 in (6.5), we can obtain (2.7) by using
(5.2) and Corollary 4.5. K
Proposition 6.3. For u # N0 and u even,
84, 3u+8, u+3, u+4=81, 12u+32, 1, 3 . (6.6)
Furthermore, (2.8) holds.
Proof. The identity (6.6) follows from Theorem 4.9 with *1=*2=
4u+11. Furthermore, by putting u=0 in (6.6), we can obtain (2.8) by
using (5.2) and Corollary 4.5. K
Remark. Propositions 6.1 and 6.3 were proved in [8] in different but
equivalent forms.
Proposition 6.4. For u # N0 and u even,
818, 6u+2, u+1, 6u+4=812, 9u+3, 1, 3 . (6.7)
Furthermore, (2.10) holds.
Proof. The identity (6.7) follows from Theorem 4.9 with *1=*2=
3u+5. Furthermore, by putting u=0 in (6.7), we can obtain (2.10) by
using (5.1) and Corollary 4.5. K
194 SEN-SHAN HUANG
File: DISTIL 220518 . By:DS . Date:22:01:98 . Time:14:48 LOP8M. V8.B. Page 01:01
Codes: 2344 Signs: 1057 . Length: 45 pic 0 pts, 190 mm
Proposition 6.5. For u # N0 and u even,
81, 6u+15, u+1, u+4=83, 2u+5, 1, 2 . (6.8)
Furthermore, (2.11) holds.
Proof. The identity (6.8) follows from Theorem 4.9 with *1=*2=u+4.
Furthermore, by putting u=0 in (6.8), we can obtain (2.11) by using (5.1)
and Corollary 4.7. K
Proposition 6.6. For u # N0 and u even,
86, 4u+10, u+3, u+4=82, 12u+30, 1, 2 . (6.9)
Furthermore, (2.12) holds.
Proof. The identity (6.9) follows from Theorem 4.9 with *1=*2=
6u+16. Furthermore, by putting u=0 in (6.9), we can obtain (2.12) by
using (5.2) and Corollary 4.7. K
Proposition 6.7. For u # N0 and u even,
83, 4u+13, u+3, u+4=81, 12u+39, 1, 4 . (6.10)
Furthermore, (2.14) holds.
Proof. Let
:1=3, ;1=4u+13, m1=u+3, p1=u+4,
:2=1, ;2=12u+39, m2=1, p2=4.
Then (4.1)(4.3) are satisfied with *1=*2=3u+10. Hence, by
Theorem 4.9, (6.10) holds. In particular, u=0 implies
83, 13, 3, 4=81, 39, 1, 4 .
On the other hand, by (5.1) and (5.2), we have
81, 39, 1, 4=2q52[S(q39) S(q)+q20T(q39) T(q)]
f4 f156 f1 f39
f2 f78
and
83, 13, 3, 4=2q52[S(q13) T(q3)&q5S(q3) T(q13)]
f12 f52 f3 f13
f6 f26
.
Finally, (2.14) follows directly from the last three equalities. K
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Proposition 6.8. For u # N0 and u even,
85, 4u+11, u+3, u+4=81, 20u+55, 1, 4 . (6.11)
Furthermore, (2.15) holds.
Proof. The identity (6.11) follows from Theorem 4.9 with *1=*2=
5u+14. Furthermore, by putting u=0 in (6.11), we can obtain (2.15) by
using (5.1) and (5.2). K
Proposition 6.9. For u # N0 and u even,
87, 4u+9, u+3, u+4=81, 28u+63, 3, 4 . (6.12)
Furthermore, (2.16) holds.
Proof. The identity (6.12) follows from Theorem 4.9 with *1=*2=
7u+18. Furthermore, by putting u=0 in (6.12), we can obtain (2.16) by
using (5.2). K
7. PROOFS OF (2.17)(2.25)
We define a quotient of functions fj to have signature n if the subscripts
j can be partitioned into pairs in both the numerator and the denominator
such that the product of subscripts equals n in each pair. For example, the
right sides of (2.17) and (2.20) have signatures 4 and 84, respectively.
The identities (2.17)(2.25) are modular relations mixing the Rogers
Ramanujan functions with the Go llnitzGordon functions. One can obtain
further mixed relations simply by taking quotients (or products) of any two
identities, one from Ramanujan’s forty identities and the other from
(2.1)(2.16). However, in general, the right sides of the identities obtained
in this way do not possess signatures.
To prove (2.17)(2.25), we need the following lemma.
Lemma 7.1 ([8], Corollary 5.7).
8:, ;, 1, 5=2q(:+;)20[G(q2;) G(q2:)+q2(:+;)5H(q2;) H(q2:)] f2: f2; , (7.1)
8:, ;, 3, 5=2q(9:+;)20[G(q2;) H(q2:)&q2(;&:)5G(q2:) H(q2;)] f2: f2; . (7.2)
We give proofs of (2.17) and (2.20). For the others, proofs are similar,
and details will not be given.
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Proposition 7.2. For u # N0 and u even,
81, 8u+4, 3u+1, 9u+5=82, 4u+2, 1, 4 . (7.3)
Furthermore, (2.17) holds.
Proof. First, (7.3) follows easily from Theorem 4.9 with *1=*2=u+1.
Now, putting u=0 in (7.3) and then applying (7.1) and (5.1), we have
2q14[G(q8) G(q2)+q2H(q8) H(q2)] f2 f8
=2q14[S(q2) S(q2)+q2T(q2) T(q2)]
f8 f8 f2 f2
f4 f4
,
i.e.,
G(q8) G(q2)+q2H(q8) H(q2)
S(q2) S(q2)+q2T(q2) T(q2)
=
f2 f8
f4 f4
,
which is (2.17) after replacing q2 by q. K
Proposition 7.3. For u # N0 and u even,
81, 8u+36, u+3, u+5=82, 4u+18, 3, 4 . (7.4)
Furthermore, (2.18) holds.
Proof. The identity (7.4) follows from Theorem 4.9 with *1=*2=u+9.
Furthermore, by putting u=0 in (7.4), we can obtain (2.18) by using (7.2)
and (5.2). K
Remark. In fact, (2.17) also follows by taking the quotient of (2.1) and
(R.2). Similarly, (2.18) follows from (2.9) and (R.14).
Proposition 7.4. For u # N0 and u even,
81, 16u+64, u+1, u+5=84, 4u+16, 3, 4 . (7.5)
Furthermore, (2.19) holds.
Proof. The identity (7.5) follows from Theorem 4.9 with *1=*2=
u+13. Furthermore, by putting u=0 in (7.5), we can obtain (2.19) by
using (7.1) and (5.2). K
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Proposition 7.5. For u # N0 and u even,
81, 24u+84, u&1, u+5=86, 4u+14, 3, 4 . (7.6)
Furthermore, (2.20) holds.
Proof. (7.6) follows from Theorem 4.9. Putting u=0 in (7.6) gives
81, 84, 1, 5=86, 14, 3, 4 , (7.7)
where we have used the fact that 8:, ;, &m, p=8:, ;, m, p . By (7.1) and (5.2),
we can rewrite (7.7) as
2q174[G(q168) G(q2)+q34H(q168) H(q2)] f2 f168
=2q174[S(q14) T(q6)&q4S(q6) T(q14)]
f24 f56 f6 f14
f12 f28
,
i.e.,
G(q168) G(q2)+q34H(q168) H(q2)
S(q14) T(q6)&q4S(q6) T(q14)
=
f6 f14 f24 f56
f2 f12 f28 f168
.
which is (2.20) after replacing q2 by q. K
Proposition 7.6. For u # N0 and u even,
83, 8u+28, u+3, u+5=82, 12u+42, 1, 4 . (7.8)
Furthermore, (2.21) holds.
Proof. The identity (7.8) follows from Theorem 4.9 with *1=*2=
3u+11. Furthermore, by putting u=0 in (7.8), we can obtain (2.21) by
using (7.2) and (5.1). K
Proposition 7.7. For u # N0 and u even,
84, 12u+21, u+1, 2u+5=86, 8u+14, 1, 4 . (7.9)
Furthermore, (2.22) holds.
Proof. The identity (7.9) follows from Theorem 4.9 with *1=*2=
2u+5. Furthermore, by putting u=0 in (7.9), we can obtain (2.22) by
using (7.1) and (5.1). K
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Proposition 7.8. For u # N0 and u even,
87, 8u+12, u+3, u+5=82, 28u+42, 3, 4 . (7.10)
Furthermore, (2.23) holds.
Proof. The identity (7.10) follows from Theorem 4.9 with *1=*2=
7u+15. Furthermore, by putting u=0 in (7.10), we can obtain (2.23) by
using (7.2) and (5.2). K
Proposition 7.9. For u # N0 and u even,
81, 32u+96, u&3, u+5=88, 4u+12, 3, 4 . (7.11)
Furthermore, (2.24) holds.
Proof. The identity (7.11) follows from Theorem 4.9 with *1=*2=
u+21. Furthermore, by putting u=0 in (7.11), we can obtain (2.24) by
using (7.2), (5.2), and noting that 8:, ;, &m, p=8:, ;, m, p . K
Proposition 7.10. For u # N0 and u even,
83, 16u+32, u+1, u+5=84, 12u+24, 1, 4 . (7.12)
Furthermore, (2.25) holds.
Proof. The identity (7.12) follows from Theorem 4.9 with
*1=*2=3u+7. Furthermore, by putting u=0 in (7.12), we can obtain
(2.25) by using (7.1) and (5.1). K
8. PROOFS OF (2.9), (2.13), AND (2.26)(2.28)
Proposition 8.1. For u # N0 and u even,
82, 12u+18, 3, 4 } 83, 8u+12, u+1, u+3=86, 4u+6, 1, u+3 } 82, 12u+18, 1, 2 . (8.1)
Furthermore, (2.9) holds.
Proof. Let
:1=2, ;1=12u+18, m1=3, p1=4,
:2=3, ;2=8u+12, m2=u+1, p2=u+3,
:3=6, ;3=4u+6, m3=1, p3=u+3,
:4=2, ;4=12u+18, m4=1, p4=2.
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Then (4.4)(4.6) are satisfied with
*1=3u+9, *2=3u+5, *3=4, *4=6u+10.
Hence, by Theorem 4.10, we obtain (8.1). Putting u=0 in (8.1), we have
82, 18, 3, 4 } 83, 12, 1, 3=86, 6, 1, 3 } 82, 18, 1, 2 .
Then, by (5.2) and Corollaries 4.5 and 4.7, we have
2q94[S(q18) T(q2)&q8S(q2) T(q18)]
f8 f72 f2 f18
f4 f36
} 2q54f6 f24
=2qf12 f12 } 2q52
f8 f72 f2 f18
f4 f36
.
After simplification, we have
S(q18) T(q2)&q8S(q2) T(q18)=
f12 f12
f6 f24
,
which is (2.9) after replacing q2 by q. K
Proposition 8.2. For u # N0 and u even,
86, 24u+10, 1, 4 } 82, 72u+30, 3u&1, 3u+2=82, 72u+30, 3, 6u+4 } 86, 24u+10, 1, 2 . (8.2)
Furthermore, (2.13) holds.
Proof. As in the proof of Proposition 8.1, (8.2) follows from
Theorem 4.10. In particular, for u=0, we have
86, 10, 1, 4 } 82, 30, 1, 2=82, 30, 3, 4 } 86, 10, 1, 2 , (8.3)
since 82, 30, &1, 2=82, 30, 1, 2 . Now, by (5.1), (5.2), and Corollary 4.7, (8.3)
yields (2.13). K
Proposition 8.3. For u # N0 and u even,
82, 30u+42, 3, 5 } 86, 10u+14, u+1, u+2=86, 10u+14, 1, 2u+4 } 81, 60u+84, 1, 5 . (8.4)
Proof. The identity (8.4) follows directly from Theorem 4.10. K
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Corollary 8.4. The identity (2.26) holds.
Proof. Putting u=0 in (8.4) yields
82, 42, 3, 5 } 86, 14, 1, 2=86, 14, 1, 4 } 81, 84, 1, 5 . (8.5)
On the other hand, by (7.6) with u=0, we have
81, 84, 1, 5=86, 14, 3, 4 . (8.6)
Combining (8.5) and (8.6), we have
82, 42, 3, 5 } 86, 14, 1, 2=86, 14, 1, 4 } 86, 14, 3, 4 .
Now, by (7.2), Corollary 4.7, (5.1), and (5.2), the last equality is equivalent
to
2q3[G(q84) H(q4)&q16G(q4) H(q84)] f4 f84 } 2q52
f24 f56 f6 f14
f12 f28
=4q112[S(q14) S(q6)+q10T(q14) T(q6)]
_[S(q14) T(q6)&q4S(q6) T(q14)]
_{ f24 f56 f6 f14f12 f28 =
2
,
which, after replacing q2 by q, simplifies to
[S(q7) S(q3)+q5T(q7) T(q3)][S(q7) T(q3)&q2S(q3) T(q7)]
=[G(q42) H(q2)&q8G(q2) H(q42)]
f2 f6 f14 f42
f3 f7 f12 f28
. (8.7)
Finally, by (R.16), (8.7) yields (2.26). K
Proposition 8.5. For u # N0 and u even,
82, 12u+42, 3, 4 } 83, 8u+28, u+3, u+5=86, 4u+14, 1, u+5 } 82, 12u+42, 1, 2 . (8.8)
Proof. The identity (8.8) follows directly from Theorem 4.10. K
Corollary 8.6. The identity (2.27) holds.
Proof. Putting u=0 in (8.8) yields
82, 42, 3, 4 } 83, 28, 3, 5=86, 14, 1, 5 } 82, 42, 1, 2 . (8.9)
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On the other hand, putting u=0 in (7.8), we have
83, 28, 3, 5=82, 42, 1, 4 . (8.10)
Also, note that 8k:, k;, m, p(q)=8:, ;, m, p(qk). Hence, after replacing q2 by q,
we find that (8.9) and (8.10) imply
81, 21, 3, 4 } 81, 21, 1, 4=83, 7, 1, 5 } 81, 21, 1, 2 . (8.11)
Now, by (5.1), (5.2), (7.1), and Corollary 4.7, (8.11) is equivalent to
[S(q21) S(q)+q11T(q21) T(q)][S(q21) T(q)&q10S(q) T(q21)]
=[G(q14) G(q6)+q4H(q14) H(q6)]
f2 f6 f14 f42
f1 f4 f21 f84
,
which yields (2.27) by using (R.15) and (R.16). K
Proposition 8.7. For u # N0 and u even,
86, 4u+14, 1, 4 } 81, 24u+84, u&1, u+5=82, 12u+42, 3, u+5 } 86, 4u+14, 1, 2 . (8.12)
Proof. The identity (8.12) follows from Theorem 4.10. K
Corollary 8.8. The identity (2.28) holds.
Proof. Setting u=0 in (8.12) yields
86, 14, 1, 4 } 81, 84, 1, 5=82, 42, 3, 5 } 86, 14, 1, 2 . (8.13)
On the other hand, putting u=0 in (7.9), we have
84, 21, 1, 5=86, 14, 1, 4 . (8.14)
Combining (8.13) and (8.14) yields
84, 21, 1, 5 } 81, 84, 1, 5=82, 42, 3, 5 } 86, 14, 1, 2 . (8.15)
Finally, by (7.1), (R.16), and Corollary 4.7, (8.15) reduces to (2.28), after
replacing q2 by q. K
Remark. In fact, (2.28) follows immediately from (2.20), (2.22), and
(2.26).
Ramanujan’s forty identities offer a comprehensive list (at least for the
type Ramanujan considered) of modular relations for the RogersRamanujan
functions. Ramanujan most likely possessed a systematic method for
producing this kind of identity. The identity (2.28) is, however, not one of
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Ramanujan’s forty identities. Ramanujan probably missed (2.28) because
the proof evidently requires identities for the Go llnitzGordon functions, as
indicated in our proof.
9. APPLICATIONS TO PARTITIONS
The identities (2.1)(2.28) yield theorems in the theory of partitions. In
this section, we present partition interpretations for (2.3)(2.9). First, we
state two lemmas which are useful in extracting partition results from these
modular relations.
Lemma 9.1.
(q; q2)=
1
(&q; q)
. (9.1)
Proof. See [5, p. 37]. K
Let pe(n) denote the number of partitions of n into an even number of
parts and let po(n) :=p(n)& pe(n), where p(n) is the ordinary partition
function with p(0)=1. Also, define p (n) to be the number of partitions of
n into distinct odd parts.
Lemma 9.2.
1
(&q; q)
=1+ :

n=1
( pe(n)& po(n)) qn, (9.2)
pe(n)= :
0 j- n
(&1) j p(n& j2), n=1, 2, ..., (9.3)
and
(&q; q2)=1+ :

n=1
p (n) qn. (9.4)
Proof. See [12, (22.14) and (22.21)]. K
For simplicity, we adopt the standard notation
(a1 , a2 , ..., an ; q) := ‘
n
j=1
(aj ; q)
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and define
(qr\; qs) :=(qr, qs&r; qs) ,
where r and s are positive integers and r<s. For example, (q2\, q7)
means (q2, q5; q7) which is (q2; q7) (q5; q7) .
Theorem 9.3. Let p1(n) denote the number of partitions of n into parts
that are either odd or congruent to \4, \6, \8, \10 (mod 32).
Let p2(n) denote the number of partitions of n into parts that are either
odd or congruent to \2, \8, \12, \14 (mod 32).
Then, for any positive integer n>1,
p1(n)= p2(n&1).
Proof. By the definitions of S(q) and T(q), (2.8) is equivalent to
1
(q4\, q16; q32) (q6\, q8; q16)
&
q
(q2\, q8; q16) (q12\, q16; q32)
=
(q; q) (q32; q32)
(q2; q2) (q16; q16)
. (9.5)
Now, rewrite all the products on the left side of (9.5) subject to the com-
mon base q32, for example, write (q6; q16) as (q6; q32) (q22, q32) , and
simplify the right side of (9.5) by using the equality (q; q)=(q; q2)
(q2; q2) . Then, (9.5) becomes
1
(q4\, q16, q6\, q10\, q8\; q32)
&
q
(q2\, q14\, q8\, q12\, q16; q32)
=
(q; q2)
(q16; q32)
,
i.e.,
1
(q; q2) (q4\, q6\, q8\, q10\; q32)
&q
1
(q; q2) (q2\, q8\, q12\, q14\; q32)
=1. (9.6)
204 SEN-SHAN HUANG
File: DISTIL 220528 . By:DS . Date:22:01:98 . Time:14:48 LOP8M. V8.B. Page 01:01
Codes: 2506 Signs: 1469 . Length: 45 pic 0 pts, 190 mm
Note that the two quotients on the left side of (9.6) represent the generat-
ing functions for p1(n) and p2(n), respectively. Hence, (9.6) is equivalent to
:

n=0
p1(n) qn=1+q :

n=0
p2(n) qn,
where we set p1(0)= p2(0)=1. Equating coefficients on both sides yields
the desired result. K
Remark. Theorem 9.3 is originally due to G. Andrews [1], who found
simpler proofs for the two remarkable identities of Gessel and Stanton
[13],
1+ :

n=1
(&q; q)n&1
(q; q)n
qn(n+1)2=
1
(q; q2) (q4\, q6\, q8\, q10\; q32)
and
:

n=1
(&q; q)n&1
(q; q)n
qn(n+1)2=
q
(q; q2) (q2\, q8\, q12\, q14\; q32)
,
and then Theorem 9.3 follows easily from these two identities.
The proof of Theorems 9.3 essentially demonstrates how to transform a
modular relation into its partition interpretation. To be more specific, we
rewrite modular relations to obtain identities like (9.6), which involve
generating functions of some restricted partition functions. In general,
rewriting a modular relation in different ways results in different partition
interpretations. We demonstrate this by giving other partition interpreta-
tions for (2.8).
Theorem 9.4. Let p1(n) denote the number of partitions of n into parts
congruent to \4, \6, \8, or \10 (mod 32).
Let p2(n) denote the number of partitions of n into parts congruent to \2,
\8, \12, or \14 (mod 32).
Then, for any positive even integer n,
p1(n)= p (n) and p2(n)= p (n+1).
Proof. Replacing q by &q in (9.6), we have
1
(q4\, q6\, q8\, q10\; q32)
+
q
(q2\, q8\, q12\, q14\; q32)
=(&q; q2) . (9.7)
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Observe that the left and right sides of (9.7) represent the generating func-
tions for p1(n)+ p2(n&1) and p (n), respectively. Hence,
p1(n)+ p2(n&1)= p (n), n>1. (9.8)
Clearly, p1(n)= p2(n)=0 when n is odd. Therefore, if n is even, (9.8)
implies that p1(n)= p (n), and, if n is odd with n>1, we have
p2(n&1)= p (n). This completes the proof. K
Example. The following table verifies the case n=20 in Theorem 9.4.
p1(20)=7 p (20)=7
10+10 19+1
10+6+4 17+3
8+8+4 15+5
8+6+6 13+7
8+4+4+4 11+9
6+6+4+4 11+5+3+1
4+4+4+4+4 9+7+3+1
p2(20)=8 p (21)=8
20 21
18+2 17+3+1
12+8 15+5+1
14+2+2+2 13+7+1
8+8+2+2 13+5+3
12+2+2+2+2 11+9+1
8+2+2+2+2+2+2 11+7+3
2+2+2+2+2+2+2+2+2+2 9+7+5
Another way to present (9.6) is
(&q8; q8)
(q6\; q16) (q4\; q32)
+q
(&q8; q8)
(q2\; q16) (q12\; q32)
=(&q; q2) . (9.9)
which gives a third partition interpretation for (2.8). In fact, (9.9) and its
partition interpretation were given in [8, Chapter 14].
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Corollary 9.5. Let p1(n) and p2(n) be as defined in Theorem 9.4. Then
p1(n)p2(n),
for any positive integer n.
Proof. When n is odd, p1(n)= p2(n)=0 and hence the desired result
follows trivially. When n is even, by Theorem 9.4, it suffices to show that,
for n2,
p (n)p (n+1).
For any positive integer n, define
An={(2k1+1, ..., 2kr+1): r1, kr> } } } >k10,
and n= :
r
j=1
(2kj+1)= .
Then |An |= p (n). Now, define the mapping % from An into An+1 by
%((2k1+1, ..., 2kr+1))={(2k2+1, ..., 2(kr+1)+1),(1, 2k1+1, ..., 2kr+1),
if k1=0,
if k11,
for any (2k1+1, ..., 2kr+1) # An .
Note that, in the case k1=0, we need r2 to make % well-defined.
However, this is automatically satisfied since n2 by assumption. On the
other hand, % is evidently a one-to-one mapping. Hence |An ||An+1 |, i.e.,
p (n)p (n+1). This completes the proof. K
Remark. In [16] and [17], P. Hagis has obtained convergent series
and asymptotic formulae for p (n). By utilizing these results and
Theorem 9.4, we obtain asymptotic and exact formulae for p1(n) and p2(n)
as defined in Theorem 9.4. For example, for even integers n, we have
p1(n)t
1
c1n34
exp [c2 - n], as n  ,
where c1=2(24)14 and c2=- ?26.
Theorem 9.6. Let p1(n) denote the number of partitions of n into parts
congruent to \3, 4 (mod 8), or \7 (mod 56).
Let p2(n) denote the number of partitions of n into parts congruent to
\1, 4 (mod 8), or \21 (mod 56).
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Then, for any positive integer n>3,
p1(n)={
p2(n&3),
if n is not divisible by 28,
p2(n&3)+2 $0 j- k (&1) j p(k& j2),
if n=28k,
where $ indicates the term corresponding to j=0, i.e., p(k), is weighted by
12.
Proof. By (9.1), (2.3) is equivalent to
1
(q3\, q4; q8) (q7\; q56)
&
q3
(q1\, q4; q8) (q21\; q56)
=
1
(&q28; q28)
.
Hence, by (9.2),
:

n=0
p1(n) qn&q3 :

n=0
p2(n) qn=1+ :

n=1
( pe(n)& po(n)) q28n, (9.10)
where we set p1(0)= p2(0)=1. Equating coefficients on both sides of
(9.10), we obtain
p1(n)& p2(n&3)=0, if n>3 and 28 |% n, (9.11)
and
p1(n)& p2(n&3)= pe(k)& po(k), if n=28k. (9.12)
Moreover, by the definition of pO(n) and by (9.3),
pe(k)& po(k)= p(k)+2 :
1 j- k
(&1) j p(k& j2). (9.13)
Combining (9.11)(9.13), we complete the proof. K
Example. The following table verifies the case n=13 in Theorem 9.6.
p1(13)=5 p2(10)=5
13 9+1
7+3+3 7+1+1+1
5+5+3 4+4+1+1
5+4+4 4+1+1+1+1+1+1
4+3+3+3 1+1+1+1+1+1+1+1+1+1
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Theorem 9.7. Let p1(n) denote the number of partitions of n into parts
where all the odd parts are distinct and not congruent to \1 (mod 8) or \5
(mod 40), and all the even parts are congruent to \4, \10, \12, or
(mod 40).
Let p2(n) denote the number of partitions of n into parts where all the odd
parts are distinct and not congruent to \3 (mod 8) or \15 (mod 40), and
all the even parts satisfy the same restrictions as for p1(n).
Then, for any positive integer n>3,
p1(n)={
p2(n&3),
if n is not divisible by 20,
p2(n&3)+2 $0 j- k (&1) j p(k& j2),
if n=20k,
where $ has the same meaning as in Theorem 9.6.
Proof. Rewrite (2.6) as
1
(q5\, q20; q40) (q1\, q4; q8)
+
q3
(q15\, q20; q40) (q3\, q4; q8)
=
(q10; q20)
(q; q2)
,
which is equivalent to, after replacing q by &q,
(&q; q2)
(&q5\; q40) (&q1\; q8) (q4; q8) (q10; q20)
&q3
(&q; q2)
(&q15\; q40) (&q3\; q8) (q4; q8) (q10; q20)
=(q20; q40) . (9.14)
Define
P=
(&q; q2)
(&q1\; q8) (&q5\; q40)
and
Q=
(&q; q2)
(&q3\; q8) (&q15\; q40)
.
Then, P is the product of all factors 1+qr where all the exponents r are
distinct positive odd integers and not congruent to \1 (mod 8) or \5
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(mod 40). Similarly, Q is the product of all factors 1+qr where all the
exponents r are distinct positive odd integers and not congruent to \3
(mod 8) or \15 (mod 40). Now, in (9.14), by rewriting (q4; q8)
(q10; q20) subject to the common base q40 and by (9.1), we find that
P
(q4\, q10\, q12\, q20; q40)
&q3
Q
(q4\, q10\, q12\, q20; q40)
=
1
(&q20; q20)
.
Hence,
:

n=0
p1(n) qn&q3 :

n=0
p2(n) qn=1+ :

n=1
( pe(n)& po(n)) q20n,
where we set p1(0)= p2(0)=1. Equating coefficients on both sides, we
obtain
p1(n)& p2(n&3)=0, if n>3 and 20 |% n,
and
p1(n)& p2(n&3)= pe(k)& po(k), if n=20k.
Finally, by (9.13), we complete the proof. K
Example. The following table verifies the case n=20 in Theorem 9.7.
p1(20)=5 p2(17)=6
20 17
10+10 10+7
13+4+3 12+4+1
12+4+4 9+7+1
4+4+4+4+4 9+4+4
4+4+4+4+1
By introducing the notion of colored partitions, we can obtain more
varieties of partition results. In the context of partitions, we say that an
positive integer n has k colors if there are k copies of n available and all
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of them are viewed as distinct objects. Partitions of positive integers into
parts with colors are called colored partitions. For example, if 1 is allowed
to have 2 colors, then all the (colored) partitions of 2 are 2, 1r+1r ,
1g+1g , and 1r+1g , where we use the indices r (red) and g (green) to
distinguish the two copies of 1. An obvious but important fact is that
1
(qu; qv)k
is the generating function for the number of partitions of n where all the
parts are congruent to u (mod v) and have k colors. We emphasize that, for
colored partitions, different integers might possess different numbers of
colors. One of the main subjects of the theory of so-called generalized
Frobenius partitions deals with partitions into parts all of which have the
same number of colors. For an account of generalized Frobenius partitions,
we refer the reader to [2].
In the proofs of the remaining theorems, we shall omit the details of
transforming modular relations into identities involving partition functions.
Theorem 9.8. Let p1(n) denote the number of partitions of n into parts
not congruent to \6, \8, \9 (mod 24) and parts congruent to \3, \5,
\11, 12 (mod 24) with 2 colors.
Let p2(n) denote the number of partitions of n into parts not congruent to
\3, \6, \8 (mod 24), and parts congruent to \1, \7, \9, 12 (mod 24)
with 2 colors.
Then, for any positive integer n>1,
p1(n)= p2(n&1).
Proof. The identity (2.5) is equivalent to
1
(q1\, q2\, q3\, q3\, q4\, q5\, q5\, q7\, q10\, q11\, q11\, q12, q12; q24)
&
q
_(q
1\, q1\, q2\, q4\, q5\, q7\, q7\, q9\, q9\,
q10\, q11\, q12, q12; q24) &
=1.
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Finally, the desired result follows by noting that the left side of the last
equality generates p1(n)& p2(n&1). K
Example. The following table verifies the case n=4 in Theorem 9.8.
p1(4)=6 p2(3)=6
4 2+1r
3r+1 2+1g
3g+1 1r+1r+1r
2+2 1r+1r+1g
2+1+1 1r+1g+1g
1+1+1+1 1g+1g+1g
Theorem 9.9. Let p1(n) denote the number of partitions of n where all
the odd parts are distinct and are congruent to \1 (mod 8) with parts
congruent to \15 (mod 40) having 2 colors, and all the even parts are not
congruent to 0 (mod 8) and parts congruent to 20 (mod 40) have 2 colors.
Let p2(n) denote the number of partitions of n where all the odd parts are
distinct and are congruent to \3 (mod 8) with parts congruent to \5
(mod 40) having 2 colors, and all the even parts satisfy the same conditions
as for p1(n).
Then, for any positive integer n>2,
p1(n)& p2(n&2)= p (n).
Proof. Let
P=
(q2; q2) (q20; q40)
(q8; q8)
.
Then, the identity (2.7) is equivalent to
(&q1\; q8) (&q15\; q40)
P
&q2
(&q3\; q8) (&q5\; q40)
P
=(&q; q2),
where q has been replaced by &q. It is not difficult to see that the left side
of the last equality is the generating function for p1(n)& p2(n&2). Then, by
(9.4), the result follows immediately. K
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Example. The following table verifies the case n=9 in Theorem 9.9.
p1(9)=6 p2(7)=4 p (9)=2
9 5r+2 9
7+2 5g+2 5+3+1
6+2+1 4+3
4+4+1 3+2+2
4+2+2+1
2+2+2+2+1
Theorem 9.10. Let p1(n) denote the number of partitions of n where all
the odd parts are distinct and are congruent to \1 (mod 8) or 3 (mod 6)
with parts congruent to \15, \33 (mod 72) having 2 colors, and all the even
parts are congruent to 4 (mod 8) or 6 (mod 12) with parts congruent to 36
(mod 72) having 2 colors.
Let p2(n) denote the number of partitions of n where all the odd parts are
distinct and are congruent to \3 (mod 8) or 3 (mod 6) with parts congruent
to \3, \21 (mod 72) having 2 colors, and all the even parts satisfy the same
conditions as for p1(n).
Then, for any positive integer n>4,
p1(n)& p2(n&4)= p (n).
Proof. Let
P :=
(&q1\; q8) (&q3; q6)
(&q9\; q72)
and Q :=
(&q3\; q8) (&q3; q6)
(&q27\; q72)
.
Then (2.9) is equivalent to
P
(q4; q8) (q6; q12) (q36; q72)
&q4
Q
(q4; q8) (q6; q12) (q36; q72)
=(&q; q2) ,
where q has been replaced by &q. Then, the desired result follows from the
last equality. K
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Example. The following table verifies the case n=15 in Theorem 9.10.
p1(15)=9 p2(11)=5 p (15)=4
15r 11 15
15g 6+5 11+3+1
12+3 5+3r+3g 9+5+1
9+6 4+4+3r 7+5+3
7+4+4 4+4+3g
6+6+3
7+4+3+1
6+4+4+1
4+4+4+3
Theorem 9.11. Let p1(n) denote the number of partitions of n into parts
congruent to \1, 4 (mod 8) or \3 (mod 24) with parts congruent to 12
(mod 24) having 2 colors.
Let p2(n) denote the number of partitions of n into parts congruent to
\3, 4 (mod 8) or \9 (mod 24) with parts congruent to 12 (mod 24) having
2 colors.
Let p3(n) denote the number of partitions of n into parts which may not
be divisible by 3 or 4.
Then, for any positive integer n>2,
p1(n)+ p2(n&2)= p3(n).
Proof. The identity (2.4) is equivalent to
1
(q1\, q4; q8) (q3\, q12; q24)
+
q2
(q3\, q4; q8) (q9\, q12; q24)
=
1
(q1\, q2\, q5\; q12)
,
and the result follows by observing that the right side of the last equality
equals
:
3 |% n, 4 |% n
(1&qn)&1. K
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Example. The following table verifies the case n=7 in Theorem 9.11.
p1(7)=6 p2(5)=1 p3(7)=7
7 5 7
4+3 5+2
3+3+1 5+1+1
4+1+1+1 2+2+2+1
3+1+1+1+1 2+2+1+1+1
1+1+1+1+1+1+1 2+1+1+1+1+1
1+1+1+1+1+1+1
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